A multivariate distribution can be represented in terms of its underlying margins by binding these margins together using a copula function (Sklar, 1959) . Here, we propose a new class of survival FGM type modification truncated copulas which quantify dependency and incorporate directional dependence. In addition, we apply our proposed methods to the analysis of directional dependence relationships between genes. Finally, we employ the Akaike Information Criterion (AIC) to check the goodness of fit for our proposed copula models.
Introduction
With the availability of increasingly large sets of gene expression data, there is a need for new methods to analyze these data for gene-gene dependence relationships. The ability to reconstruct gene networks from large sets of microarray data will facilitate analysis of cellular function at the molecular level, and will have a profound impact on many areas of biomedical research.
In statistics, there are two approaches to describing dependence structure: (i) setting up a functional relationship between the variables, and (ii) specifying the joint distribution of the variables.
The second approach eliminates the effect of univariate marginals, which has nothing to do with
Definitions and Preliminaries
In this section, we review the basic concepts of copulas, focusing on some preliminary properties of copulas. In addition, we present some standard bivariate copula families. A copula is a multivariate distribution function defined on the unit [0, 1] n , with uniformly distributed marginals. In this paper, we focus on a bivariate (two-dimensional) copula, where n = 2. Sklar (1973) shows that any bivariate distribution function (F XY ), can be represented as a function of its marginal distribution of X and Y (F X and F Y ) by using a two-dimensional copula
C(·, ·).
More specifically, the copula may be written as (u, v) .
Therefore, the copula function represents how the multivariate function F XY (x, y) is copuled with its marginal distribution functions, F X (x) and F Y (y). Also, it describes the dependence mechanism between two random variables by eliminating the influence of the marginals or any monotone transformation on the marginals.
Two additional properties of copulas are the continuity property and differentiability property.
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For the continuity property, let C be a copula. Then,
< u 2 and v 1 < v 2 , hence, every copula C is uniformly continuous on its domains [Nelsen (1999) ].
Let X, Y be random variables with continuous distribution functions F X and F Y , respectively.
Then the Spearman's ρ and Kendall's τ are given, respectively, by
and
[ Nelsen (1999) ].
Cherubini (2004) describes the survival copula as follows:
Definition 1 (Cherubini, 2004) The survival copula associated with the copula C, is
It is easy to verify thatC has copula properties. Once computed in (1 − v, 1 − z), it represents the probability that two standard uniform variates with copula C are greater than v, z respectively,
It is also possible to express, via survival copula, the conditional probability
Survival Truncated Copulas and Directional Dependence
Rodríguez-Lallena andÚbeda-Flores (2004) developed a wide class of bivariate copulas which depend on two univariate functions, and describe the dependency of the copulas in different ways.
In this section, we generalize the class of bivariate copulas suggested by Rodríguez-Lallena and Ubeda-Flores (2004) .
Lemma 1 Let (X, Y ) be a continuous random pair whose associated copula C θ is given by (u, v) • Type I: Table 1 shows some special forms of f (u) and g(v) for each type of FGM function considered in this paper. 
The ranges of θ at each Type in Table 1 are
By using Definition 1 and Lemma 1, the survival FGM type modification copulas are as follows:
• Survival Type I:
where
The truncation dependence on invariant copula is defined as follows: (Sungur, 1999) Definition 2 If a 3-dimensional copula can be represented as
then it will be called a truncation invariant copula.
We consider several different types of the Farlie-Gumbel-Morgenstern (FGM) distribution which have the specific form of the Rodrìguez-Lallena andÚbeda-Flores (2004) copula family,
. Let C 12 , C 13 and C 23 be members of the Farlie-Gumbel-Morgenstern class of copulas:
Also, let θ 12 , θ 13 , and θ 23 be the dependence parameters of C 12 , C 13 and C 23 , respectively. Provided that θ 12 , θ 13 , and θ 23 lead to compatible 2-dimensional copulas, the partially truncated invariant 3-dimensional copula with respect to U 3 is
which will be referred to as the equi-dependence structure. It can be easily shown that such generated copulas are partially truncated invariants with respect to all possible truncation regions. The equi-dependence structure employed by Cook and Johnson (1981) to describe data which is not elliptically symmetric has been extensively discussed in Sungur (1999) .
Under the assumption that each trivariate copula has the same parameter, we let θ 12 , θ 13 , θ 23
and θ 123 be the dependence parameters of C 12 , C 13 , C 23 and C 123 respectively then θ 12 = θ 23 = θ 13 = θ 123 = θ. We can show the survival FGM type modification copulas as follows:
• Survival FGM Type Modification Copula Type I:
• Survival FGM Type Modification Copula Type II:
where α ≥ 1; β ≥ 1; 0 ≤ u 1 , u 2 , u 3 ≤ 1 and the admissible range of θ can be derived from Type II in (5).
• Survival FGM Type Modification Copula Type III:
where α ≥ 1; β ≥ 1; 0 ≤ u 1 , u 2 , u 3 ≤ 1 and and the admissible range of θ can be derived from Type III in (5).
For more details of the admissible range of θ about the generalized Farlie-Gumbel-Morgenstern distributions the reader is referred to the articles of Bairamov and Eryilmaz (2004) , Bairamov, Kotz, and Bekci (2000) , Bairamov and Kotz (2002) , Bairamov and Kotz (2003) , Kim et al. (2008) and Lai and Xie (2000) .
The conditional joint distribution of U 1 and U 2 under the condition {U 3 ≥ a} is
By the equi-dependence structure, theC(U 1 , U 2 |U 3 ≥ a) at each survival truncated FGM type modification copula type is as follows:
• Survival Truncated FGM Type Modification Copula Type I:
• Survival Truncated FGM Type Modification Copula Type II:
• Survival Truncated FGM Type Modification Copula Type III:
The directional dependencies proposed by Sungur (2005) for the direction U 1 to U 2 and for the direction U 2 to U 1 under truncation U 3 ≥ a are defined as
and Table 3 shows the measures of dependence of two variables u 1 and u 2 under the truncated variable u 3 ≥ a and the figure 1 shows the plots of directional dependence of for three different survival truncated FGM type modification copulas (Type I, Type II and Type III) under the truncated value a = 0.3 using (7) and (8).
Using Survival Truncated FGM Type Modification Copulas to Analyze Directional Dependence in Gene Expression Datasets
The ability to recognize and quantify directionality in gene dependence relationships will enhance the ability of researchers working in the fields of genomics and proteomics to extract information from large sets of gene expression data, and thereby to better understand the complex mechanisms by which genes and proteins interact. The microarray dataset used in this analysis is from a previous study on yeast cell-cycle regulation (Spellman et al., 1998) and is publicly available (http://cellcyclewww.stanford.edu/). The dataset is composed of measurements on 6221 genes observed at 80 time points. 800 genes were identified. We selected one group of genes with known interaction patterns (note that known interactions are still incomplete at present). The group includes eight histone genes-HHT1, HHT2, HHF1, HHF2, HTA1, HTA2, HTB1 and HTB2. These eight genes encode four histones: H2A, H2B, H3 and H4. Histones are proteins which bind tightly to DNA, helping to 'package' the genetic material in chromosomes. Because chromosomes are replicated during cell division, expression of histone genes must be tightly regulated in order for replication to proceed. Table 2 provides basic descriptive statistics of the expression data for the eight histone genes used in this study. From Table 2 , we can see that the skewness and the kurtosis of each histone gene are almost zero. We also notice that the maximum of HHT 2 is much lower than the other maxima.
The maxima of HHF 1 and HHF 2 are close to each other. But the minima of HHF 1 and HHF 2 are significantly different. Next, we estimate a parameter θ in each survival truncated FGM type modification distribution.
We define
function F X and F Y . We assume that U i and V i have uniform distribution U (0, 1). Hence we can reduce our empirical likelihood function to
The estimation of the parameter θ is determined by maximizing the likelihood (9) for the real data set. For a computational convenience of a MLE of θ, the logarithmic form of (9) is as follows:
where R is the set of all possible θ's.
We employed Akaike's Information Criterion (AIC) to evaluate our copula model. Akaike's Information Criterion is defined as follows:
where t is the number of parameters of the model. The value of AIC is an indicator of which estimator fits better: the lower the AIC, the better the model. Table 4 shows the values of the AIC for the survival truncated FGM type modification copula models (Type I, Type II, and Type III).
In this paper, to estimate the parameter θ, we consider equation (9) because it is a simpler form of the likelihood function than the logarithmic form. But we found that there is a difficulty in estimating θ by using the method of the maximum likelihood estimation. The problem is
, which is not a function of θ. Therefore, we cannot estimate parameter θ using the likelihood function. Instead, we used a numerical method to find a value of θ to maximize the copula function. The procedures for finding an estimate of θ are as follows:
Step 0 Select a model which is Type I, II, or III.
Step 1 Find the range of θ from (5) under a = 0.3, α = 2, and β = 2 for Type II, and under a = 0.3, α = 2, and β = 3 for Type III.
Step 2 Define a grid unit and move grid from the minimum to the maximum in the range of of θ for Type I, II, or III. (grid unit in data analysis, Type I: 0.001, Type II & III: 0.005.)
Step 3 Calculate values of θ from (10) as the grid increases.
Step 4 Select the value of θ maximizing (10). Table 3 shows the measures of dependence of two variables u 1 and u 2 under the truncated variable u 3 ≥ a for three different survival truncated FGM type modification copulas. In Figure 1 , we see that the mean plots of r U |V,a=0.3 and r V |U,a=0.3 for Type I are almost identical, whereas the mean plots of r U |V,a=0.3 and r V |U,a=0.3 for Type II (α = 2 and β = 2) are nonidentical even if we set Type II (α = 2 and β = 2) to be symmetric. This indicates that Type II has more direction dependence response, depending on the truncated value a and a parameter θ. Also the mean plots of r U |V,a=0.3 and r V |U,a=0.3 for Type III (α = 2 and β = 3) show more different than those of Type I because we set Type II (α = 2 and β = 3) to be nonsymmetric.
The values of r U |V,a and r V |U,a for Type I, Type II (α = 2 and β = 2), and Type III (α = 2 and β = 3) are shown in Table 3 . The values of r U |V,a and r V |U,a for Type I are almost identical.
Therefore, we can conclude that Type I has no directional dependence property and Type II and III have directional dependence, unlike Type I. In addition, figure 1 provides evidence that Type II and III are able to recognize directional dependence between any two histone genes. In terms of the goodness of fit using gene data, the AIC values of Type I, Type II (α = 2 and β = 2), and
Type III (α = 2 and β = 3) in Table 4 and Figure 2 indicate that the Type I model is better than Type II and Type III models because the values of AIC using the survival truncated FGM type modification copula Type I are much smaller than those using the the survival truncated FGM type modification copula Type II and Type II. In addition, the Type II (α = 2 and β = 2) model is better than the Type III (α = 2 and β = 3)model because the AIC values of Type II (α = 2 and β = 2) are slightly smaller than those of Type III (α = 2 and β = 3).
Conclusions
Dependence properties and measures of association between two or more variables can be investigated in terms of various copulas. In this paper, we have presented a flexible new class of survival truncated FGM type modification copulas. Using the described methods, we showed that the survival truncated FGM type modification copulas (Type II and Type III) have directional dependence.
Therefore, the survival truncated FGM type modification copula models (Type II and Type III) can help to determine directional dependence among three different genes. Our methods were evaluated by employing AIC criterion. More work is needed, however, to refine our ability to analyze directional dependence within a three-variable framework, and to test these new tools with datasets where clearer evidence of unidirectional gene dependence is evident. In addition, we need to develop other goodness of fit criterion to select the best multivariate copula model for a given gene dataset. 
